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1. Introduction

We are interested in the approximation properties of closed shift-invariant subspaces of the
space Lg(IRd) of all complex-valued square-integrable functions on IR?. We say that a space S of
functions defined on IR® is shift-invariant if, for each f € S, the space S also contains the shifts
f(- + a), @ € Z%. In other words, S contains all the integer translates of f if it contains f. A
particularly simple example of such a space is provided by the space

So(9)

of all finite linear combinations of shifts of ¢. We call its Lg(lR,d)-closure the principal shift-
invariant space generated by ¢ and denote it by

S(¢).

Of course, a general closed shift-invariant subspace of Lg(IRd) need not be principal; it need not
even be generated by the shifts of finitely many functions.

Shift-invariant spaces are important in a number of areas of analysis. Many spaces, encountered
in approximation theory and in finite element analysis, are generated by the shifts of a finite number
of functions ¢ on IR®. Shift-invariant spaces also play a key role in the construction of wavelets. In
each of these applications, one is interested in how well a general function f can be approximated
by the elements of the scaled spaces S*, h > 0, of S defined by

Sh:= {s(-/h): s€S}.

We postpone discussion of the literature concerning the approximation by the scaled spaces S*
until we have introduced some additional terminology and stated our main results.

Associated to any closed subspace § of Lg(IRd) and f € Ly(IR?), we have the approximation
error:

(1.1) E(f,S):=min{||f - s]| : s € S}

where here and throughout this paper unsubscripted norms are the L,(IR?)-norm. We are interested
in describing the properties of S which govern the possible decay rates of E(f,S"), as h — 0, (for f
in Lz(IR%) or in one of the smooth subspaces of Ly(IR?)). For example, we shall characterize when
the scaled subspaces S*, h > 0, are dense in the sense that lim,_o E(f,S") = 0. More generally,
we shall characterize when the spaces S* approximate suitably smooth functions to order O(h*)
ash — 0.

Our definitions of approximation orders are in terms of the potential space W¥(IR%), k > 0,
defined by

W (R?) := {f € La(R?): fllwyemey 2= (20) 4211+ |- D¥FIl < 0o}

(Here and later, we use |z| := (2} + --- + 22)!/2 to denote the Euclidean norm of a point z =
(z1,...,24) in R%) When k is a positive integer, these are the usual Sobolev spaces. We say that
S provides approximation order k if, for every f € W}'(IR"),

(1.2) E(£,5") < esh*|| fllwp me)-
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We shall characterize the closed shift-invariant spaces S which have this property.
A variant of this problem is to characterize when, for a given k > 0, we have for each f €
WX(R?) (in addition to (1.2)),

(1.3) E(f,8") = o(h*), h—o0.

When k = 0, this is just the density problem. For this reason, we say that § provides density
order k whenever (1.3) holds.

Our characterizations of density, approximation order, and density order are in terms of Fourier
transforms. If f € L;(IR?), its Fourier transform f is defined by

o) = jn f@)em= d.

We assume that the reader is familiar with the usual properties of Fourier transforms. In particular,
the Fourier transform can be uniquely extended to L,(IR?) and more generally to the space of
tempered distributions on IR.

Many authors have shown (under various restrictive conditions on ¢) that the approximation
properties of a principal shift-invariant space S(¢) are related to the order of the zeros of the Fourier
transform of ¢ at the integer multiples of 2. It is therefore not surprising that our characterizations
of approximation order for general principal shift-invariant spaces involve the behavior near zero
of the 2r-periodization of |$|2, i.e., the Ly(‘TT?)-function

(1.4) (8,8 == Y 18-+ B

pe2rz?

This function enters our considerations as part of the function Ay € Lo(C), defined on the cube

C := [-r..x]¢
by
l91° .,
1.5 Ay = (1 - ==)12, C
(1.5) o = ( [¢,¢]) on

Here (and below without further comment), we make use of the obvious identification between the
space Lz(Tr?) of functions on the d-dimensional torus T and the space L3(C) of functions on the
fundamental domain C. We shall prove

Theorem 1.8. The principal shift-invariant subspace S(¢) of Lg(IRd) provides approximation
order k > 0 if and only if | -|"¥A4 is in Loo(C).

The analogue of this result for density orders is
Theorem 1.7. The principal shift-invariant subspace S(¢) of Ly (IR?) provides density order k > 0
if and only if | -|~%A4 is in Loo(C) and

(1.8) tim b [ "4 dy = o.
- hC

Of course, in the case k = 0, (1.8) characterizes when we have density.
It is rather remarkable that these conditions also characterize approximation and density orders
for arbitrary closed shift-invariant subspaces of L,(IR?). Namely, we shall prove:
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Theorem 1.9. A closed shift-invariant subspace S of Ly(IR?) provides approximation order k > 0
if and only if it contains a function ¢ for which |-|~%Ag is in Loo(C). The space S provides density
order k > 0 if and only if it contains a function ¢ for which | -|"¥A4 € Loo(C) and (1.8) holds.

We prove the last theorem by showing in §3 that the case of approximation by arbitrary closed
shift-invariant subspaces of Ly(IR?) can be reduced to the case of principal shift-invariant spaces.

In the case of principal shift-invariant spaces, our method of proof is based on two results
which we feel will have other important applications. The first is an explicit formula for the best
Ly(IR%)-approximation from S(¢). The second is the following characterization

(1.10) S’(Z) = {r$ € Ly(R?): 7 is 2x-periodic}

of the space S(¢) in terms of its Fourier transform. Here and later, for a set F of functions, we
denote by F:= {f f € F} the set of its Fourier transforms.

It turns out that our analysis applies equally well to the more general situation where the
h-refinement of the space S is obtained by means other than scaling. Such cases are known and are
of interest in both spline theory (e.g., exponential box splines, cf. [DR]) and radial basis function
theory (cf. the detailed discussion in [BR2)). In the non-scaling case, we employ a family {S;}, of
shift-invariant spaces, and consider the rates of decay of E(f,S!) as a function of h. The notions
of “approximation order k” or “density order k” for the sequence {S,}, are obtained by replacing
each E(f,S") in the above definitions by E(f,S}). '

We close this section with a brief discussion of the connections between the results of this
paper and results in the literature. Schoenberg, in his seminal paper [S], was the first to recognize
the importance of the Fourier transform for describing approximation properties of principal shift-
invariant spaces. For the case d = 1, and with ¢ a piecewise continuous function with exponential
decay at infinity, Schoenberg showed that all algebraic polynomials of degree < k can be written
in the form ), 7z« (- — a)c(a) in case

(1.11) #(0)#0 and D=0 on 2rZ\0 for all || <k

holds (with d = 1).
Strang and Fix [SF] have treated the approximation properties of the space

S*(¢)

of all linear combinations )_ .74 ¢(- — a)c(a) (finite or not) of the integer shifts of a compactly
supported function ¢. There is no problem of convergence of such sums since, for any point = € R?,
at most finitely many terms of the sum are nonzero at z. Strang and Fix necessarily restricted
attention to the subspace

S2(9) := S.(¢) N Lz(m,d).

While this space is, in general, not closed in L,(IR?), one can show (see Theorem 2.16 below)
that its Lo(IR?)-closure is S(¢). Strang and Fix proved that S;(¢) provides approximation order k
whenever (1.11) holds.




To compare this result with Theorem 1.6 above, note that, for a compactly supported ¢, [$, 3]
is a trigonometric polynomial, since then

(1.12) [6,9] = Z a(a)eq, with a(a):= /n‘ #(z - a)¢(z) dz.

a€Z4

Here and later, we use the abbreviation
ea(y) = eiaoy.

If (1.11) holds, then [$, $] does not vanish at the origin and A4 of (1.5) has a zero of multiplicity &
there. Thus, |-|~*A4 is in Loo(C) (as we know it must be). However, there are two important points
to bear in mind concerning our Theorem 1.6 and the Strang-Fix result. First of all, our theorem
does not require that ¢ be compactly supported, nor even that it decay at infinity. Secondly, it
applies even when & vanishes at the origin, a case of practical importance yet not accessible to
earlier approaches.

Actually, Strang and Fix proved more than we have just stated since they showed that the
approximation order O(k¥) to a given f € WE(IR?) by the elements of Sa2(#)”* can be achieved
with a control on the coefficients of the approximants sy € S2(¢)". Namely, if the approximants
are represented with respect to the Ly-normalized functions ¢(a,h,z) := h=42¢(z/h - a) by
Sh = 2 qeze ch(@)d(a, h, ), then

(1.13) I{cn(a))lleyz4) < €5

The introduction of such controlled approximation is important, since Strang and Fix show

that, conversely, if S;(¢) provides controlled approximation order k then (1.11) holds. In other
words, for compactly supported ¢, S»($) provides controlled approximation order k if aad only if
(1.11) holds. Since it can be easily seen that our condition in Theorem 1.6 is weaker than (1.11)
(even for compactly supported ¢), it follows that there are cases when the achievable approximation
order cannot be obtained in a controlled manner. In this connection, it is worthwhile to point out
that positive controlled approximation order forces $(0) #0.
) There is a rich literature of clarifications and extensions of the Strang-Fix result, including
extensions to noncompactly supported ¢ ([BH2], (J2], [DM2], [BJ], [B1]}, [R], [CL], [JL}, [HL]
[BR2]). In addition, there are many papers studying the approximation order of specific principal
(and other) shift-invariant spaces, some of them ([Bul,2], [BD], {BuD]}, [BH1], [BR1]}, [DJLR],
[DM1], [DR), [Ja], [J1], [L], [LJ], [M], [MN1,2], [Ra], [RS]) are included in the references; see
also the surveys [B2], [C], [P] and the references therein. By making assumptions on ¢ weaker
than those used in any of the above references, we can translate our conditions on Ay into simple
conditions on $ For example, we show in §5 the following:

Theorem 1.14. Assume that ¢ is bounded on some neighborhood of the origin. If S(¢) provides
approximation order k, then & has a zero of order k at every B € 2rZZ%\0. In particular, D"¢(B) =0
for all |y| < k in case ¢ is k times differentiable (in the classical sense) at such .

Note that the boundedness of $ required here holds, for example, if $ is continuous at 0. In
particular, it holds for every ¢ € L;(IR").
We also show in §5 the following converse:




Theorem 1.15. Assume that l/$ is bounded on some neighborhood of the origin and that, for
some p > k+d/2, all derivatives of § of order < p are in Ly(A), with A := B, + (27 ZZ%\0) for some
open ball B, centered at the origin. If D"a(ﬂ) = 0 for all |7| < k and all 8 € 2x72%\0, then S(¢)
provides approximation order k.

For most of the examples of a non-compactly supported ¢ in the literature (e.g., radial basis
functions, see [P]), & is very smooth on IR?\0, but has a singularity at the origin. On the other
hand, the present standard approach to the derivation of approximation crders (viz., the polynomial
reproduction argument) requires ¢ to decay at co (at least) like O(| - |~(¥+%)), hence requires é to
be globally smooth. To circumvent this obstacle, one usually seeks a function ¥ € Sp(¢) (or in
some superspace of So(¢)) whose Fourier transform $ is smoother than $, since this implies a more
favorable decay of ¥ at co. This ‘localization’ process constitutes the main effort in establishing
approximation orders for a non-compactly supported ¢. Our theorem, though, does not require ¢
to decay ai oo at any particular rate, thus obviating the search for such 1. Results (weaker than
the above theorem) about L..(IR%)-approximation orders, that apply to functions which decay
only mildly at oo, were derived in [BR2]. The approach there exploits the fact that the exponential
functions ey, @ € IR?, are in the space in which approximation takes place. In contrast, the approach
here makes use of the simple and explicit formula for the orthogonal projection onto 8’(3)

2. The orthogonal projector onto S(¢)

In this section, we derive two important facts about the principal shift-invariant space S(¢)
which will be the basis of much of the analysis that follows. The first is a simple formula (given in
Theorem 2.9) for the (Fourier transform of the) best Ly-approximation from S(¢). The second is
the description

(2.1) SI(E) = {r$ € Ly(R?): 7 is 2r-periodic}

of S(¢) in terms of Fourier transforms mentioned in the introduction.

The yet to be proven (2.1) suggests that the calculation of integrals and inner products in-
volving functions from S(¢) should be taken over the torus T?. This can be accomplished by
periodization. If g € L1(IR?%), then

(2.2) / g= / g=/g°,
R pg;zd C+8 [o;

with

i°:= Y o(-+8)

pe2nzd

the (2r)-periodization of g. Here, the sum is to be taken in the sense of L;(T®)-convergence,
which makes sense since, by assumption, g € Ll(IRd). In particular, g° € Ll('lI“).
Similarly, we have

(2.3) /n‘ 9o = L[UOsgl]
5




for the inner product of two functions go, g1 € L2(IR?), with

(2.4) [90,91] == (9063)° = Y. go(-+ B)i(- + B)-

pe2nZe

Note that [gq, g:] is in Z;(T?) since gogy € Li(IR%). Also, by the Cauchy-Schwarz inequality,

(2‘5) I[go’91]|2 < [gO’QO][glvgl]a

and the right side of (2.5) is finite a.e. We will most often use (2.3) in the form
(26) |77 = [ 74
R4 o]

which is valid for arbitrary f,¢ € Ly(IR%) and arbitrary 2r-periodic 7 for which rf € Ly(IR?%). We
note that (2.6) implies the estimate

(2.7) 7ol ey < ||T||L2('1r4)||[$,3]"1.,,,(11‘4)

of use when [3, $] is bounded, e.g., when ¢ is compactly supported.

After these brief remarks, let us consider the problem of finding a formula for the projection
of Ly(IR?) onto S(#). Let P := P, denote the orthogonal projector onto S(¢). Then Pf is the
unique best Ly(IR*)-approximation to f from S(¢), and is characterized by the fact that it lies
in S(¢) while its difference from f is orthogonal to S(¢). Since the Fourier transform preserves
orthogonality, it follows (for example from the uniqueness of best approximation in L;(R?)) that
the orthogonal projector P onto S’(E) satisfies P f = 137 .

We consider first what it means for a function f to be orthogonal to S(¢). Since finite linear
combinations of the (integer) shifts ¢(- + @) of ¢ are dense in S(¢), f € Ly(IR?) is orthogonal to
S(¢) iff f is orthogonal to e_o for every a € ZZ2, i.e. (with (2.6)), iff

- fo 2= 1723 d
O—L‘feacﬁ /C[f,¢]ea for all a € ZZ°.

This proves

Lemma 2.8. The orthogonal complement S(¢)* of S(¢) in Ly(IR?) consists of exactly those
f € Ly(R®) for which [f, @) = 0.

From Lemma 2.8, we can easily determine Pf. Suppose, as is suggested by (2.1), that 137' =,
with 7 some 2x-periodic function. Then, from Lemma 2.8,

[f, 8] = [Pf, 8] = [r$,8] = 7[5, 4.

This motivates the following:




Theorem 2.9. For each f € L(IR?), f’:f = r,$, with the 27-periodic function 1y defined by

(2.10) {[f, 8l/(6,4] on Qy;

otherwise,

and Qg defined up to a null-set by
Q4= supp[$, 3] = {wem?: [$, a](w) # 0}.

Proof. It is enough to show that Pf = r,$ for each f € Ly(IR?). We first want to see
that 1']$ is in Ly(IR?). By (2.5), |Tf|2[$, &) < [f, /). With this, two applications of (2.6) give

(211) [ttt = [mras [i7A= [ 17

Consequently, r,$ € Lz(lR") and moreover the linear map
Q : Lo(R%) — Ly(RY) : f s 7,

is well-defined and norm-reducing on L,(IR%). We next prove that Q = P.
~ — L -~ -~
If feS(¢) = (S(¢)'L)’“, then Lemma 2.8 gives that 7, = 0, hence Qf = 0. Thus @ = P on
- L -~ o~
S(#) - On the other hand, on Q4 = supp[¢, ¢],

To(-+a) = [eaa, 3]/[3, 8] =e,, forall ae 7Z°.

Since ¢ = 0 on the complement of Q4 + 27ZZ%, this implies that Q maps the Fourier transform
of each integer shift of ¢ to itself. Since @ is linear and bounded, and coincides with Pona
fundamental set for $(¢), we have Q = P on §(¢). By lincarity, Q = P on all of L,(IR?). [}

Remark. With the convention (which we use throughout this paper) that 0 times any ex-
tended number is 0, we are entitled to write

(2.12) rr=1£,4/[6,4] and  Pyf= %%a

Note that (2.11) supplies the following lemma.
Lemma 2.13. If ¢, f € L,(IR%), then 7,8 € Lo(IR?), and ||r,@|| < |If]l.

As a consequence, we obtain the characterization (2.1) of the space S(¢) in terms of its Fourier
transform.

Theorem 2.14. A function f is m S(¢) if and only if f ré for some 2x-periodic T with
7$ € Ly(R?). In particular, 74 € .S(¢) for every bounded T.

Proof. If f € §(¢),then Pf = f. Hence, by Theorem 2.9, f = r,$ with 7; the 2x-periodic
function (f, 8)/(,9), and 746 € Ly(IR?) because of Lemma 2.13.
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Conversely, if 7 is defined on ¢, and ré € L2(IR?), then the inverse transform f of 1'3 is also
in Ly(IR%) and satisfies 7, = [rd,d)/[#, 8] = 7 on Q, = supp[¢, ). Since $ vanishes off Qg + 27 Z%,
this implies with Theorem 2.9 that

Pr=rip=rd=T.

Consequently, Pf = f and hence f € S(¢). Finally, if 7 is bounded, then ‘r$ € Lz(le) since
¢ € Ly(R?). s

Remark 2.15. Asher Ben-Artzi has pointed out to us that Theorem 2.14 could have been
derived from general results (cf. Theorem 8 of [H;p.59]) concerning closed subspaces of La(TT,£;)
which are invariant under multiplication by exponentials. Furthermore, the lemma of [H;p.58]
shows that Theorem 2.14 implies Theorem 2.9.

Remark. The representation ‘r$ for fe S/(:ﬁ?) is in general not unique. If 1'0$ = 1'13, we can
only conclude that 7o = 7; a.e. on Q4. However, if the shifts of ¢ are an orthonormal basis or, more
generally, an Lg(IR.d)-stable basis, then, as is well known, [$, 3] and its reciprocal are both in Lo,
and not only is the representation unique but the function 7 is in Ly(IT'?). It is interesting to note
further that we have a unique representation even when the shifts of ¢ are not an L,(IR%)-stable
basis provided Q4 differs from ¢ only by a null-set.

The following consequence of Theorem 2.14 is of importance when comparing our results with
related results in the literature.

Theorem 2.16. If ¢ € Ly(IR?) has compact support, then S(#) is the Ly(IR*)-closure of So(¢) =
5:(¢) N La(R?).

Proof.  Since S(¢) is the Ly(IR%)-closure of So(4) and So(¢) is contained in Sz(¢) (since
é € Ly(IR?)), we only have to prove that

(2.17) S2(¢) C S(¢)-

We now prove this by showing that Py f = f for every f € S2(¢), i.e., with (2.12), that
7,
9,

~

o.

>

(2.18) f=

RSy

Since ¢ has compact support, [$,$] is a trigonometric polynomial (cf. (1.12)), hence (2.18) is
equivalent to the equation

(2.19) 6,8 =1f, 816 a.e.,

and it is this equation we now verify for any f in Ly(IR%) of the form ¥ pend B+ — B)c(B).
We do this by showing that both sides of (2.19) are the Fourier transform of the function

Z f( + a)a(a)v

a€Z?




with a(a) = [g4 #(-—a)@ the (Fourier) coeflicients of the trigonometric polynomial [#,8), see (1. -12).
This is immediate for the left side of (2.19) since (3, ez S+ @)a(a))" = (X,eze a(a)eq)f for
any f € L;(R?) and any finite sequence (a(a)), and [¢, ¢] is indeed a finite sum of exponentials
since ¢ is compactly supported. As to the right side of (2.19), { 2 ¢] is a 2w-periodic Ly-function
(since ¢ is compactly supported, thus & is bounded), hence the Ly(T'?)-limit of its Fourier series

Y ezs b(7)e, with b given by

b() := (2r)" / [F, Ble—y = / f+m=3 / o= BB +1 =T e(Ba(y +B).

pezs ez

By (2.7), [f,#¢ is the Ly(IR?)-limit of Loz b(y)e4#, hence ([f, #|¢)Y is the Ly(IR?)-limit of
> ~ezé P(- +7)b(7)- Since this last sum also converges uniformly on compact sets, these two limits
must be the same. This implies that the right side of (2.19) is the Fourier transform of

Yo+ Y eBa(r+B)= D D ¢(-+a=B(Ba(@)= Y. f(-+ a)a(a),
YEZ4 pezd a€Z? BET4 a€Z?
with the rearrangement of the sums justified by the fact that all sums are finite. [

We now turn to our main objective, viz. the error of the best approximation. If fis supported
in one the cubes B + C, B € 2rZZ®, this error takes a very simple form:

Theorem 2.20. Let ¢ € Ly(IR%). If f € Ly(R?) and supp f C B + C for some 8 € 2rZZ°, then

' 2 _ —dpF &2 _ - )2
(221) E(f,5(8))" = (2r)~*E(J,$B))* = (2r) / P02

Proof. Since supp f C C + 8 for some 8 € 2x7Z°, we have [f, 4] = f(- + ﬂ)z( +B)onC.
Therefore, with (2.6),
Imsdt = [ \Fc+o)F1o+ B33 = [ IFP18P/15.)
By Theorem 2.9, this shows that
1RoFI = 2r)~¢ [ 1FF132/5.2),
and this finishes the proof since || f — Py fl|2 = I fII* - | Ps FII*- 'y
3. The reduction to the principal case

The explicit and simple expression, derived in the previous section, for the orthogonal pro-
jector onto a principal shift-invariant space will also prove to be very useful in the discussion of
approximation from a general shift-invariant space. For, remarkably, the approximation power of
a general shift-invariant space, however large, is already contained in a single (suitably chosen)
principal shift-invariant subspace of it. The next proposition provides the algebraic background for
this fact. We use repeatedly the simple observation that the best approximation Pf to f from S
is also the best approximation Pp;f to f from S(Pf), i.e.,

Pp;f=Pf.




Proposition 3.1. Let P be the orthogonal projector onto the closed shift-invariant subspace S of
Ly(IR?) and denote by P the corresponding orthogonal projector onto 8. Then P(rf) = 7 P(f) for
any f € Ly(IR®) and any 2r-periodic T for which 7 € L,(IR?).

Proof. If S is principal, then the conclusion follows directly from (2 12). For the general
case, the assumptions on 7 and f imply w1th Theorem 2.14 that 7f € S( f)- Since S(f) is, by
definition, the Lz(IR?)-closure of So(f), and So( fY={m fimna trig.polynomial}, it follows that 7 f
is the L,(IR?)-limit of rnffor some sequence (7, ) of trigonometric polynomials. The shift-invariance
of S and the uniqueness of the best Ly-approximation imply that P(f(-+a)) = (Pf)(-+a) for every
f € Ly(IR%) and every a € 7Z2%. Hence, taking finite linear combinations of Fourier transforms,
ﬁ(r,.f) = -r,j’Tf , and so, by the continuity of P,

Pe7) = li Pea])= Jim P
Each rnP P is in the closed space S(P f), therefore also P(r f) lies in S(P f). Thus, projecting 7f

onto & is the same as projecting it onto the subspace S(P f) of S. Since we already know that
Py(rf) = 1'P¢f for any ¢, f € Ly(IR?), this means that we obtain

B(rf) = Bpy(r]) = rPps(f) = 7P,

the last equality since Ppsf = Pf. ' [

Corollary 3.2. If P is the orthogonal projector onto some shift-invariant subspace of L,(IR?) and
g € Ly(IR?Y), then
PPy = Pp,P,.

Proof. If f € Ly(IR%), then T’:f = 17 for some 2r-periodic T and therefore by Proposition
3.1, }3(ng) = TF’Tq. On the other hand, I”;_,,(ng) = Ppy(79) = TPpyg = 1'1”?]. ('

Theorem 3.3. For any closed shift-invariant subspace S of Ly(IR%) and any f,g € L,(IR%),

(3:4) E(f,S8) < E(f,5(Pg)) < E(f,5)+2E(f,5(9)),

with P = Pg the orthogonal projector onto §.

Proof. Only the second inequality needs proof. By Corollary 3.2,
f-Ppof =f—Ff + Pf-PPyf + Pp,Pyf - Pp,f,
and therefore

(3.5) W = Profll < IS = PAI+ WS = Pofll + 1155 f - Sl
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This theorem shows that the approximation order of the particular principal subspace S(Pg)
of § is the same as that of all of S, provided that the approximation o~der of the principal space
S(g) is at least as good as that of S. This suggests the use of a special function g* for which S(g*)
has arbitrarily high approximation order. We can take g* to be the inverse Fourier transform of
the characteristic function of the cube C = [-7..7], i.e.,

g = (xc)"-
We note that, by (2.12), P’g-\f = [f, xc]/[xc,xc] Xo = xcf. Hence,
(36) E(£,8(9™) = (2r)~*7l(1 - x ) Al-

This allows us to show easily that the space S(g*) provides approximation and density order k for
all k > 0. For this, we follow the example of [BR2] and consider, equivalently, the approximation
of the scaled function

fui=f(h)

from the fixed space S instead of the approximation of the function f from the scaled space S*.
For,

(3.7) E(f,S") = h*?E(f,,S),
as is easily established by a change of variables.

Lemma 3.8. Let f € WF(IR?), k>0, h > 0. Then
E(£f,5(9")") < es(WR* I fllwpmay,
with the (nonnegative) function ¢; defined by

!(nd\c)/h(l +1- |)2k|ﬂ2
3.9 h)? := =
(3.9) €r(h) L+ - DT

"hence e;(h) < 1, and €;(0+) = 0.

Proof: Since f € W(IR?), the function v := (1 4| |)¥f is in Ly(R?), and W llwr ey =
(27)=9/2||v]|. Since F» = h=4f(-/h), (3.7) and (3.6) imply that

20) E(f,S(g)*) = (20)*h°E(fn, S(5))* = hlI(1 - x)Fall? = b /R oo RO dy
— p—d 7 24, .. p2k-d M
=ht [ wmiray= weee [ dy

ac (h+ [y
< k7~ / (y/h) dy = h* / W* = @m) k% es (B Wivsmey:
R‘\C (R‘\C)/h ?

[}

We note for later reference the following useful result established during the proof of Lemma
3.8.
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Corollary 3.10. For each f € W¥(IR?),
K11 = x ) Fall € @7)* e (MBH| fllwp meys
with ¢; given by (3.9).

Now let S be an arbitrary closed shift-invariant subspace of Lz(IR%) and let ¢* := Pg* be the
best L;(IR?)-approximation to g* from S. Using (3.7) and Lemma 3.8 in (3.4), we obtain

(3.11) E(f,8%) < E(£,8(¢*)") < E(£,S*) + 2¢;(R)R* (| fllwa ey

with €;(h) given by (3.9). This means that S provides approximation order k > 0 or density order
k > 0 if and only if its principal shift-invariant subspace S(¢*) does. More than that, since €;(h)
does not depend on S, it proves the following: '

Theorem 3.12. The sequence {Sy}x of closed shift-invariant subspaces of Ly(IR®) provides ap-
proximation order k > 0 or density order k > 0 if and only if the corresponding sequence {S(¢})}n
of principal shift-invariant subspaces (with ¢}, := Ps,(g*) and g* = XZ') does.

4. Approximation orders and density orders

In this section we give a complete characterization of approximation orders and density orders
from the sequence {Sj }, of shift-invariant spaces. In view of Theorem 3.12, we need only to consider
the special case when each S}, is principal. For ¢ € Ly(IR%), we let Ay € Loo(C) be defined as in
the introduction:

12
Ag:=(1- —l,iil-)‘”, on C.

[4,4]

In terms of this Ay, (2.21) gives that

(4.1) E(f,8(¢)) = (2m)~4*|| fA4ll if supp fC C.

For f € Ly(R%) with f not just supported in C, we estimate E(f,S(8)) = (2r)~%2E(F,5($))
with the aid of Corollary 3.10 and the simple observation that

|E(F,8) - Fx o .91 < 111 = x )l
for an arbitrary subspace S of Ly(IR%). Indeed, with the aid of (3.7), this estimate implies that

|E(f,8*) = (h/20) P E(x s Fn, ) = [hY2E(f1,S) - (h/27)* P E(x 1, S)
= (h/27)*|E(F, S) = E(xofnr ) < (h/20)*2(1(1 = x ) Tall-

Therefore, Corollary 3.10 establishes

(4.2) |E(f, )~ (h/27)E(x . Jns S)| € €s(B)R* [ fllws (mey-
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Theorem 4.3. For {#n}n C Ly(IR?), the sequence {S(#x)}r provides approximation order k if

and only if
A¢h
e

is bounded in Lo (C).

Remark. Since each Ay, is non-negative and bounded above by 1, and since each (h +|-])* is
bounded below by k¥, it is clear that each —+|"|7p is an element of Lo(C). So it is the uniform

boundedness of T.-T]bl')" as h — 0 that characterizes the approximation order k.

Proof.  In view of (4.2), {S(¢n)}nr provides approximation order k if and only if there exists
some constant ¢ such that for every f € W¥(IR?) and every h > 0

(4.4) hY2 (X o Far S(81)) < ch¥ (| fllws (me)-

Since x c-?; is supported in C, we may appeal to (4.1) (i.e., to Theorem 2.20) to conclude that
ME(x T SO = 1 [ (FaPA,

(4.5)
n—d . — 7l )
= h /C IF(-/R)PAL, = /C /hlfI’Am.(h ).

For f € WF(IRY), the function v := (1 +|- |)"f is in Ly(IR?), and ||f||wu(|R¢) = (27)~4?||v||. With
the aid of v, the last expression in (4.5) can be rewritten as

/ lul? Adm(h')z .
cin  (L+]-])%k
Further, when f varies over all of W3 (IRd), v varies over all of Ly(IR?), i.e., g := |v|? varies over

all non-negative functions in Ly(IR?). This means that the k-approximation order reqmrement is
equivalent to the existence of ¢ > 0 such that

(4.6) / lglxc,,,(l—fr“l(-l—;?,; < eh®llgll,mey, VA >0, Vg € Li(RY).

A2
Fixing h, the last condition states that x c /h‘(-\l:_:'l(f’ll)j)'r, considered as a linear functional on Ll(IR"),

is bounded by ch?*. Consequently, having {S(¢n)}n provide approximation order k is equivalent
to the existence of ¢ > 0 such that

"(;\_:_hl( ,;k "L“(C/h) < ch*.

The proof is thus completed, since upon rescaling the last condition becomes

A

(4.7 ||(h—+£|"'—_|)—,,||1,..(c

)y Se
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[

Proof of Theorem 1.6. In the case of this theorem, ¢, = ¢ for all A > 0. Using this in
(4.7) and letting h — 0, we get that (4.7) is equivalent to |- |7¥Ag € Loo(C). 7'y

Remark. Note that the cube C that appears in the characterization of approximation orders
is entirely incidental. Since, for every h, Ay, is bounded by 1, and also (A + | - [)=F is bounded,
independently of h, in any complement of a neighborhood of the origin, the cube C can be replaced
by any neighborhood of the origin.

Another remark concerns the case £ = 0 which will soon be considered in the context of density
orders. We have not discussed approximation order 0 simply because of lack of any mathematical
interest: the requirement in this case is vacuous. This is in agreement with Theorem 4.3, for the
boundedness of { {TA-F‘["ITU}" is also a vacuous condition, since each Ay, is uniformly bounded by 1.
This means that the statement of Theorem 4.3 is valid also for k = 0.

With Theorem 4.3 in hand, we turn our attention to the characterization of density orders.
Our result concerning density orders is as follows.

Theorem 4.8. For {¢s}s C L2(IR?), the sequence {S(¢n)}r provides density order k if and only
if '

(s
is bounded in Lo (C), and
(4.9) limh"‘/ A o vaso.
b= Jpac (B+]-?* 7

Proof. In view of Theorem 4.3 and the definition of density orders, the theorem here is
proved as soon as we show that, under the assumption that {ﬁﬂﬁp} » is bounded, the condition

(4.10) lim A2 X E(fy, S(4n)) = 0, Vf € WH(R?)

is equivalent to (4.9). For this we can follow the proof of Theorem 4.3 up to (4.6) to conclude that
(4.10) is equivalent to the condition that

. Agy (h-)
2k oh = d
(4.11) '1'1_%11 /n‘ Iglxclh(1 F1 ) 0, Vge L(IR%).

Choosing g := x,, in (4.11) and rescaling, we obtain (4.9), so that the necessity of (4.9) for
k-density order is proved.
To prove the sufficiency, we define

- Ay (h)?
= p2k _%____

14




We view the ), as elements of L;(IR%)*. We want to show that (4.11) holds, namely that {\x}s
converges weak-* to 0. We know that {An}n are positive, uniformly bounded, and by (4.9),
’\"(xac) — 0 for every @ > 0. This latter condition implies that '\h(XK) — 0 for any com-
pact K. By linearity, Ax(g) tends to 0 for each compactly supported simple function g. Since such

functions are dense in L,(IR%), we obtain (4.11). ®
Proof of Theorem 1.7. Since (k +]-[)~2* < |-1~%*, (1.8) implies that
A2
lim A9 / e _y,
0" oo (1D

which is the case @ = 1 in (4.9), and implies the rest of (4.9), since here @5 = ¢ for all h, hence A,
does not change with h. Thus, Theorem 4.8 implies the sufficiency of (1.8).

On the other hand, if S(¢) provides density order k, then (4.9) holds (with Ag, = A, all h).
Since |y|=2* < c(h + |y|)~2* for y € hC \ (hC/2) and some absolute constant ¢, we obtain from
(4.9) (with a = 1)

A2
(4.12) / J—(z?,‘—) < ¢(h)h?
AC\(hC/2) |yl
where lim,_,0 €(h) = 0. Summing these estimates gives

Ay(y) o
4.13 / 2927 < 7 ¢(2-7h)277%h? < 2 max e(u) h?.
(4.13) o TP 122; ( ) 022X, (u) ’

Since the right side of (4.13) is o(h?), we obtain the necessity of (1.8). &

Combining the two last theorems with Theorem 3.12, we obtain

Theorem 4.14. Let {Sy} be a sequence of shift-invariant spaces. For each h, let ¢, be the best
approximation from Sy to g* = xé. Then, {Sx}s provides approximation order k if and only if

Aéh

e
is bounded in Loo(C), and {Sy} are kth-order dense if and only if, in addition to the above,
(4.15) lim h"‘/ M o, vaso
h=0 nac (R+1-1*

Proof of Theorem 1.9. This follows from Theorem 1.6, Theorem 1.7, and the reduction to
the principal shift-invariant case given by Theorem 3.12 (with ¢} = ¢* = Psg* for all k). ®

5. The Strang-Fix conditions

As mentioned in the introduction, approximation orders from the scaled spaces {S"}s were
characterized in [SF] under the assumptions that (a) the space Sh is obtained as the h-dilate of
the same principal shift-invariant space S(¢); (b) the generator ¢ of §(¢) is compactly supported;
and (c) the approximation order is realized in a controlled manner. The controlled approximation
assumption, in turn, forces the condition #(0) # 0.
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In order to compare these conditions to the characterization of approximation orders for prin-
cipal shift-invariant spaces that we obtain in the present paper, we assume in this section that we
have in hand a sequence {S(¢4)}x of principal shift-invariant spaces which satisfy one or both of
the following conditions, in which Q is some neighborhood of the origin, and 5 and p are positive
constants:

(5.1) 3Q,p,he st |pn(z)| < ae.onQ, VO <h< hy;
(5.2) AQ,n,hy st. < |$;,(:c)| ae.on, V0 < h < hy.

Note that, in case ¢, does not change with h (i.e., when assumption (a) above holds), and & is
continuous at the origin (e.g., ¢ is compactly supported, as in assumption (b) above), (5.1) is
satisfied automatically and (5.2) is reduced to the mere condition

(5.3) #(0) # 0.

We recall (see the remark after the proof of Theorem 1.6) that the uniform boundedness required
in Theorem 4.3 for k-approximation order can be checked in any neighborhood € of the origin,
hence we can replace the cube C in the theorem by 2. As the next results show, A4, can often be
replaced by

(5:4) Mai=( 3 18aC+B))? = ((m &nl - I16a)V2.

BE2xZ4\0
Lemma 5.5. If (5.1) holds and the sequence {S(¢h)} n provides approximation order k, then

5.6

( ) {(h-l-l I)k}h<h

is bounded in Lo(') for some 0-neighborhood Q' and some hy > 0. On the other hand, if (5.2)
holds and (5.6) is bounded in Lo (') for some 0-neighborhood Q and some h{, then {S(¢n)}n

provides approximation order k.

Proof. If {S(én)}nr provides approximation order k, then, by Theorem 4.3,
{(h+]-1)%Ag, }» is bounded, say by c, on Q. This, together with (5.1), implies that
(5.7) (h+1-)7*M} < (M}, + |8al*) < (M}, + %),
and therefore,
((h+1-)7* = M}, < en.
Thus, for sufficiently small 2 and some neighborhood Q' C Q of the origin, the leftmost term in

(5.7) does not exceed 2cu?.
Conversely, (5.2) implies that, on Q,

A%, = _lbl < M oty
T ME+ I8 T 1Bl
Therefore, by Theorem 4.3, the boundedness of (5.6) implies that {S(#x)}s provides approximation
order k. é
We now consider in more detail necessary conditions for approximation order which follow
from our characterization of approximation order. Since |$;.(- + B)| < My, for all B € 2xZZ%\0, the
next theorem is a direct consequence of the last lemma:
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Theorem 5.8. If(5.1) holds and {S($»r)} provides approximation order k, then, for all0 < h < hy
and for all 8 € 2rZZ%\0, and in some 0-neighborhood,

6a(- + B)| < c(h+]- )%,

for some c independent of 8 and h.

In case $ does not change with h, we may let A — 0 in the last display and so obtain Theorem
1.14. This shows that the necessity of the Strang-Fix conditions (1.11) for k-approximation order
holds in a very general setting. This is remarkable, since this implication is considered to be the
“harder” one. An analogous L.-result has been obtained in [BR2] by other means.

We now consider in more detail sufficient conditions for approximation order. There is no
reason to believe that (upon assuming (5.2)) the assumptions

(5.9) D¢ =0 on 2rZ%\0 for all |y|< k

would suffice for approximation order k since from Lemma 5.5 we only can deduce the following:

Corollary 5.10. If0 < 5 <  a.e. on some neighborhood Q of the origin, and if

(5.11)° Y +AP <[, aeong

BE2TZ\O

then S(¢) provides approximation order k.

However, assumptions like (5.9) can only imply that, for each individual 8 € 2xZ2%\0,
8- + B)I? < eal - I,

hence will not in general yield (5.11). On the other hand, there are several results in the literature
which show that, under additional assumptions on ¢, (5.9) does imply that S(¢) provides approx-
imation order k. For example, standard polynomial reproduction/quasi-interpolation arguments
show that if

(5.12) [6(2)] = O(|z|=*-%¢), asz — o0,

and if $(0) # 0, then (5.9) implies that S(¢) provides approximation order & (cf. e.g., Proposition
1.1 and Corollary 1.2 in [DJLR]). Unfortunately, the decay conditions (5.12) fail to hold for many
functions ¢ of interest (primarily radial basis functions, and usually because $ is not smooth
enough at 0), and in such a case, the polynomial reproduction argument either fails, or is not easily
converted into approximation orders. Circumventing the polynomial reproduction argument was
actually the major objective of [BR2]. In our context, Theorem 1.6 leads to a remarkable result,
which allows (5.12) to be replaced by a much weaker condition, and which we now describe.
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For this result, we need a local version W$(Q) of the potential spaces Wf(IR?). If p is an
integer, then this space is simply the Sobolev space of all functions whose (weak) derivatives up
to order p (inclusive) are in L(2). In this case, if {25}ser is a disjoint collection of open subsets
of R?, we have Yoerllf “%V,’(O,) = || f“%V{(Uaﬂa)' As is well-known, there are several equivalent
extensions of the definition of WJ () to the case of a fractional p (see, e.g., [A; ch.7]). For fractional
p, we have the following subadditivity property:

(5.13) pz: ||f||§v;(n,) < c"f"%‘V{(Une:ﬂn)’
€l

whenever, say, {3} is a disjoint collection of cubes; (cf. [A; p.225]). Our result is as follows:

Theorem 5.14. Assume that 0 < 5 < $ a.e. on some cube S centered at the origin. Let A :=
Ugezrzero( + B). If € WS (A) for some p > k + d/2, and if (5.9) holds, then S(¢) provides
approximation order k.

The virtue of this theorem is that we can take 2 to be so small that A does not contain
the origin. This is important since in many cases of interest & is smooth on IR%\0 but has some
singularity at the origin (this happens, e.g., when ¢ is obtained by the application of a difference
operator to a fundamental solution of an elliptic equation). But, if ¢ satisfies (5.12), then & is
globally smooth, since we obtain from (5.12) that ée€ W{(R?) for p = k+ d/2 + €/2 as well as
é € C¥(R?). Thus, Theorem 5.14 and Theorem 1.14 together imply the following result.

Corollary 5.15. If ¢ satisfies (5.12) and #(0) # 0, then S(¢) provides approximation order k if
and only if (5.9) holds.

Proof of Theorem 5.14. It follows from(5.9) that, for every 8 € 2 Z%\0, and with Qg :=Q+4,

(5.16) 18z + B)] < clzl* max 1D Bllz.u(ay), forz € Q.

Since p > k + d/2, the Sobolev embedding theorem (cf. [A; p.217]) implies that W[ () is contin-
uously embedded in the Sobolev space WX (Q23). Thus,

7"‘ -~
og‘,ﬁ’ék“D ALeias) < alldliwzias),

with ¢; independent of B (since all the Q; are translates of each other). Substituting this into (5.16)
we obtain that

18(z + B)| < eslzl*|@llwe(a,) = € Q.8 € 2xZ%\0.

Squaring the last inequality and summing over 8 € 2rZZ%\0, we obtain, in view of (5.13), that

z 18(z + B)* < Cs|2|2k||$||%v;(A)°

BE2rZ4\0
Lemma 5.5 now supplies the conclusion that S(¢) provides approximation order k. ®
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In applications, it might be convenient to take p to be the least integer that satisfies p > k+d/2.
For this case, Theorem 5.14 reduces to Theorem 1.15.
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